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Abstract
In many problems of interest, performance can be evaluated using tests, such as ex-
amples in concept learning, test points in function approximation, and opponents in
game-playing. Evaluation on all tests is often infeasible. Identi�cation of an accurate
evaluation or �tness function is a dif �cult problem in itself, and approximations are
likely to intr oduce human biasesinto the search process.Coevolution evolvesthe setof
testsused for evaluation, but has so far often led to inaccurate evaluation.

We show that for any setof learners,a Complete Evaluation Setcanbedetermined that
provides ideal evaluation as speci�ed by Evolutionary Multi-Objective Optimization.
This provides a principled approach to evaluation in coevolution, and thereby brings
automaticideal evaluation within reach.The Complete Evaluation Setis of manageable
size, and progresstowards it can be accurately measured. Basedon this observation,
an algorithm named DELPH I is developed. The algorithm is tested on problems likely
to permit progresson only a subset of the underlying objectives. Where all compari-
son methods result in overspecialization, the proposed method and a variant achieve
sustained progressin all underlying objectives. These�ndings demonstrate that ideal
evaluation may be approximated by practical algorithms, and that accurateevaluation
for test-basedproblems is possible even when the underlying objectives of a problem
are unknown.

Keywords
Coevolution, Pareto-Coevolution, accurate evaluation, Evolutionary Multi-Objective
Optimization, underlying objectives,Pareto-hillclimber , over-specialization.

1 Introduction

1.1 Evaluation

For some of the most interesting problems that evolutionary computation might ad-
dress, tests whose outcomes re�ect some of the qualities of individuals can readily
be performed, while the preciseunderlying objectives re�ected by such tests are un-
known. Examples include concept learning, function approximation, game-playing,
as well as open-ended domains such as the evolution of complex behavior. Human
designed �tness functions for such test-basedproblemswill typically be inaccurate, and
thereby limit the potential of evolutionary computation to addresstheseproblems. Se-
lecting a �xed representative set of tests is often infeasible due to the large number
of possible tests. An important question therefore is: how may accurateevaluationfor
test-basedproblems be achieved?

Coevolution (Barricelli, 1962,1963;Axelr od, 1987;Hillis, 1990)evaluates individu-
als on an evolvingsetof tests,and may thereby in principle provide accurateevaluation.
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Coevolution hasalready led to several successfulresults (Hillis, 1990;Sims,1994;Juill é
& Pollack, 1996;Pollack & Blair, 1998). So far however, evaluation in coevolution has
often beenfar from accurate,asindicated by problems such asover-specialization, Red
Queen dynamics, and disengagement (Clif f & Miller , 1995;Watson & Pollack, 2001).In
this article, we investigate how coevolution canbe used to achieveaccurateevaluation.
This signi�cant aim is approached by viewing test-basedproblems from the perspec-
tive of Evolutionary Multi-Objective Optimization (EMOO) (Deb, 2001),and consider-
ing what testsare required to determine who dominates who in a given population of
learners.

To illustrate the dif �culty of accurate evaluation, we consider the problem of se-
lecting a move in a chessgame. If the optimal Minimax (Von Neumann, 1928)values
for this problem were available, it would be suf�cient to compare the values of the few
tens of board positions reachablevia one of the currently available moves. This is in
sharp contrast with the actual situation, where value estimatesof the board evaluation
function must be re�ned by means of extensive look-ahead search.1 This substantial
amount of required additional computation suggeststhat board evaluation functions
used in current machine chessmust be quite far removed from the optimal (Minimax)
values.

In test-basedproblems, the quality of an individual is determined by its perfor -
mance on a number of tests. Typically , the set of all possible tests for problems of
this kind is very large, making it infeasible to evaluate individuals on all tests. As the
above example illustrates, the de�nition of an accurate domain-speci�c �tness func-
tion is equally problematic, as an accurate speci�cation of the quality of all possible
individuals requires highly detailed knowledge of a problem. Mor eover, the use of
a scalar �tness function presumesthat individuals can be ranked on a single dimen-
sion of performance. Suchrankings cannot yield complete information when quality is
governed by multiple objectives.

1.2 Underlying Objectives

A useful notion for test-basedproblems is that of the underlyingobjectivesof a problem.
The term objectiveas used in Evolutionary Multi-Objective Optimization refers to an
indicator of quality returning an element from an ordered set of scalar values, such as
a real number. For any test-basedproblem, a setof underlyingobjectivesexists such that
knowledge of the objective values of an individual is suf�cient to determine the out-
comesof all possible tests.The existenceof a setof underlying objectivesis guaranteed,
asthe set of all possible tests itself satis�es this property.

The notion of underlying objectives becomesmore meaningful however when a
limited setof objectiveswith this property can be identi�ed; if a small set of underlying
objectives exists, it representsimportant information about the structure of a problem.
The smallest possible size for the set of underlying objectives can be viewed as the in-
herent dimensionality of a problem, and the natureof such a minimal setof underlying
objectives may provide important information about the structure of a problem. Re-
cent work by Bucci and Pollack (2003a,2003b)provides a formal discussion of closely
related notions basedon partial orderdecomposition.

Samuel(1959)notes that terms for the evaluation polynomial of his learning check-
ersplayer should ideally be generatedby the learning program itself, and mentions the
idea of an orthogonal set of terms to be used in this evaluation polynomial. This idea
is closely related to the notion of underlying objectives. When viewed in this way, it

1State-of-the-art chessprograms currently consider from 2 million up to 200million positions per second.
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appears that many apparently single-objective problems may in fact be multi-objective
problems. If this is so, then many problems currently addressedusing one-dimensional
�tness functions may bene�t from taking a multi-objective approach. Another indi-
cation in this dir ection is given by recent research in which modeling single-objective
problemsasmulti-objective problems is proposedasa technique to impr ove search per-
formance (Knowles, Watson, & Corne, 2001). Here, it will be shown that coevolution
offers a meansto addressthe multi-objective problem that underlies a given test-based
problem.

1.3 Coevolution

In order to discusscoevolution, someterminology will �rst be intr oduced. We will use
the term learnerfor individuals whose performance we wish to optimize, and evaluator
for tests that can be applied to learners. Learner and evaluator are roles individuals
take on in the context of an algorithm, and a single individual may take on both roles,as
occurs in self-play or single population coevolution. The learner and the evaluator can
be of similar nature, as in two-player games,or the evaluator may be a test case,such
asa test sequencefor a sorting network or a test point in function approximation. The
test representedby an evaluator E is applied to a learner A by means of an interaction
functionG(A; E) which returns a scalaroutcome, suchaswin/lose or a realnumber. We
consider any setup where individuals are evaluated based on interactions with a (co-
)evolving set of evaluators ascoevolution. Most if not all instancesof coevolution may
befruitfully viewed in this way if the notion of test is interpr etedbroadly asaprocedure
that reveals information about an individual. In coevolution problems, changesto the
set of evaluators can affect the apparent ranking of the learners.

Samuel'scheckersplayer (1959)repeatedly replacesthe evaluator with the learner,
and is the �rst known instance of what may be called co-learning, distinguished from
coevolution by its use of dir ected changes. An early instance of coevolution in a com-
puter simulation is by Barricelli (1962). Attention for coevolution only increasedafter
the appearanceof several later papers (Axelr od, 1987;Miller , 1989,1996;Hillis, 1990;
Koza, 1992;Lindgr en, 1992;Kauffman & Johnsen,1992a).Of these, the work by Hillis
marked the �rst time a complex problem was addressedby coevolution, and was prob-
ably most in�uential in spurring further research into coevolution.

Coevolution has meanwhile led to a number of tantalizing results in domains in-
cluding the evolution of complex behavior (Sims, 1994),pursuit and evasion (Koza,
1991;Reynolds, 1994;Miller & Clif f, 1994;Ficici & Pollack, 1998;Clif f & Miller , 1996),
robot behavior (Floreano, Nol�, & Mondada, 1998;Østergaard & Lund, 2003),explo-
ration by identifying predictable novelty (Schmidhuber, 1999),communication devel-
opment (Werner & Dyer, 1991; Ficici & Pollack, 1998), function approximation and
classi�cation (Pagie & Hogeweg, 1998;Juill é & Pollack, 1996;Paredis, 1996),density
classi�cation using cellular automata (Ficici & Pollack, 2001b; Juill é & Pollack, 1998;
Pagie & Hogeweg, 2000;Paredis, 1997),job shop scheduling (Husbands & Mill, 1991),
backgammon (Pollack & Blair, 1998),Tron (Funes,2001),and Go (Rosin, 1997;Lubberts
& Miikkulainen, 2001).

A factor that may explain successful results and interest in coevolution is the
avoidance of biasesresulting from the use of a human-designed �tness function; the
dynamic evaluation in coevolution may in principle lead to 'arms-races' and open-
ended evolution (Sims, 1994; Ficici & Pollack, 1998; Nol� & Floreano, 1998; Stanley
& Miikkulainen, 2002). Other factors proposed to explain positive results with coevo-
lution include the ability to escapelocal optima due to the changing set of evaluators
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(Hillis, 1990;Pagie& Hogeweg, 1998)and the useof resource-sharingmethods (Werfel,
Mitchell, & Crutch�eld, 2000).

A particularly interesting application of coevolution is the idea of evolving mod-
ules, evaluated separately based on their ability to contribute to a larger whole. This
results in dependencies between modules and complete individuals. Such setups are
thus forms of coevolution, and many examples of this are available (Angeline & Pol-
lack, 1994;Moriarty & Miikkulainen, 1998;Gomez & Miikkulainen, 1999;Potter & De
Jong,2000;Rosca& Ballard, 1996;Ahluwalia & Bull, 2001;Watson & Pollack, 2003;De
Jong,2003).

1.4 Issues in Coevolution

In spite of its successesand promise, coevolution has not yet developed into a reliable
problem solving technique. Problems that have beenreported include disengagement,
over-specialization, and intransitivity .

Disengagementmeansthat for one or more objectives,the performance levels rep-
resentedby evaluators are outside the range of learner performance. This may occur
when evaluators testing on some underlying objective disappear from the evaluator
population, or pose too high or too low a threshold to distinguish between learners.
Disengagement leads to a lossof gradient(Watson & Pollack, 2001).As a result, learners
cannot be evaluated according to all underlying objectives.

Disengagement will generally lead to over-specialization. Over-specialization,
also known as focusing (Watson & Pollack, 2001), refers to situations where learners
progresson someof the underlying objectives,while not progressingon the remaining
objectives.

Intransitivity signi�es that the preferencerelation between learners is not transi-
tive.2 For example, �rst B appears preferable to A, then C appears preferable to B, but
next A appears preferable to C. For a �xed set of evaluators, intransitive relations be-
tween learners cannot occur. This canbe seenasfollows: for any evaluator E , the inter -
action outcomes G(A; E), G(B ; E) and G(C; E) are �xed, scalar values (e.g. real num-
bers),and no assignment of values exists for which simultaneously B > A, C > B , and
A > C. Similarly , when multiple evaluators are used, a �xed set of evaluators leads to
�xed vectors of outcomes, and can therefore not lead to intransitive relationships. Ac-
cordingly , intransitivity is the result of a changing setof evaluators, or morespeci�cally
the loss of evaluators for someof the underlying objectives.

A changing setof evaluators, whether related to intransitivity or not, can lead evo-
lution to test on only a subsetof the underlying objectives,causing learners to focus on
dif ferent objectives over time. Sincethe performance in untested objectives is likely to
degrade, learners may continuously changewithout making overall progress,possibly
resulting in cyclic behavior. This phenomenon is known asRed Queen dynamics (Clif f
& Miller , 1995;Pagie& Hogeweg, 2000)or mediocre stable states(Angeline & Pollack,
1993).

In summary, the above observations point to the need to perform accurateevalua-
tion. A lack of evaluators for someunderlying objective is a form of inaccurate evalua-
tion. Accurate evaluation thus requiresevaluating learnerson all underlying objectives.
How this may be achieved is the central question of this article. We will now discuss
previous approachesaimed at impr oving the accuracyof evaluation in coevolution.

2A relation R is transitive if and only if aRb ^ bRc =) aRc.
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1.5 Towards Accurate Evaluation

Hillis (1990) used evaluators that consisted of input sequencesand were called par-
asites. The parasites were used to test sorting networks on dif ferent aspectsof their
performance. Juill é (1999) describes an ideal trainer (Epstein, 1994) as an evaluation
function that exposeslearners to gradient, and presentsproblems of increasing dif �-
culty. The ideal trainer is described in an abstractmanner, and its instantiation requires
a domain-speci�c function evaluating the dif �culty of tests.

As a step towar ds automaticideal evaluation, Rosin (1997)intr oduced the notion of
a teachingset. For any imperfect learner from a set of learners, the teaching set contains
a teacher defeating this learner, thus detecting any weaknessesin the learners. In the
related coveringcompetitivealgorithm(Rosin, 1997),a new strategy must defeat all previ-
ous opposition. For problems with multiple underlying objectives,most impr ovements
to the population do not meet this strict criterion, and the criterion is thus overly strict
for problems with this property.

Evolutionary Multi-Objective Optimization (EMOO) offers a principled way to
compare individuals in the presenceof trade-offs, based on the criterion of Pareto-
dominance. The earliest reference connecting coevolution and multi-objective opti-
mization problems of which we are aware is in work by Husbands (1994).Juill é (1999)
usesthe term objectivesto refer to test cases.

The speci�c and important idea of viewing the outcomes of a learner's interac-
tions asobjectives in the senseemployed by EMOO is called Pareto-Coevolution (Ficici
& Pollack, 2000;Watson & Pollack, 2000).Sinceits recentinception, Pareto-Coevolution
has beenused in several papers (Ficici & Pollack, 2001a,2001b;Noble & Watson, 2001;
Watson & Pollack, 2003; De Jong, 2003). The upcoming of the Pareto-Coevolution
paradigm is another indication that problems that have been viewed as having one
objective or �tness function may often be multi-objective problems, and thus bene�t
from being treatedassuch.

Apart from the multi-objective perspective of Pareto-Coevolution employed here,
formalisms employed in the study of coevolution include evolutionary game theory
(Maynar d Smith, 1982;Ficici, Melnik, & Pollack, 2000;Ficici & Pollack, 2000,2001a),
order theory (Bucci & Pollack, 2002,2003b),Markov models (Bull, 2001;Ficici & Pol-
lack, 2000),and NK-landscapes (Olsson, 2001;Kauffman & Johnsen,1992b). Finally, a
crucial notion intr oduced by Ficici (2001b)is that of distinctions. Distinctions take into
account the detectablestrengths of learners in addition to their weaknesses.By making
distinctions between learners, evaluators can provide a gradient for learning.

1.6 Ideal Evaluation

We will de�ne ideal evaluation as evaluation according to all underlying objectives,
and study the question of whether coevolution can evaluate according to this ideal
evaluation function. We combine Ficici's notion of distinctions (2001b)with Rosin's
idea of a complete set of tests to arrive at the concept of a CompleteEvaluationSet. The
resulting set of evaluators is suf�cient to detect any dif ferencesbetween learners that
may be relevant to selection under the EMOO framework. We show that by using
distinctions asobjectives for evaluators, automatic construction of the ideal evaluation
function can in principle be achieved.

The Complete Evaluation Set,detecting all dif ferencesbetween learners relevant
to learner selection,was �rst described in a technical report (De Jong& Pollack, 2002).3

3This technical report is an earlier version of the presentarticle.
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Other work from our lab, developed in parallel with the approachpresentedhere,uses
the mathematical formalism of pre-orders to model conceptsfrom Pareto-Coevolution
(Bucci & Pollack, 2002). Within this framework, a concept related to the Complete
Evaluation Setde�ned here has beendescribed; the setof maximallyinformativetestsor
evaluators (Bucci & Pollack, 2002,2003b)also makes all distinctions relevant to learner
selection. While closely related in concept, the two setsare distinct; the Complete Eval-
uation Set that will be used here is a maximally informativesetof evaluators. This pro-
vides the property that its required size is bounded and small, which is needed for the
approximation of the set by practical coevolutionary algorithms.

We employ the de�nition of the Complete Evaluation Set to show that ideal eval-
uation can be approximated by practical algorithms, and develop one such algorithm.
The feasibility of the approach is demonstrated in experiments including comparisons
with a range of other coevolutionary methods. On several abstract test problems, the
proposedmethod is found to lead to stableprogresson all underlying objectives,while
other methods over-specialize and progresson only a subset of the underlying objec-
tives. The experiments suggest that methods for coevolution have so far not evaluated
according to all underlying objectives;addressingthis issuemay be vital in developing
coevolution into a generally applicable problem solving technique.

1.7 Organization

This article is organized as follows. Section2 de�nes an ideal evaluation function, and
describesour model of coevolutionary methods, in which the evaluation of individuals
is basedon interactions with other evolving individuals. Section3 shows how the ideal
evaluation function can in principle be constructed from theseinteractions; the proof is
given in appendix A. In Section4, a classof algorithms is described where this principle
is employed to approximate the ideal evaluation function. In Section5,an experimental
setup for testing algorithms of this kind is described. This setup is used in Section
6 to develop a speci�c algorithm for Pareto-Coevolution by combining the principle
for evaluation with heuristics for search. Experimental results with the algorithm are
presentedin Section 7. Section 8 discussesthe method in the light of known issuesin
coevolution, and Section 9 concludes the article. Following the conclusions section, a
list of symbols and the URL for a MA TLABr implementation of the algorithm are
provided.

2 Evaluation in Coevolution

In this section,we �rst describewhat the ideal evaluation function for a problem would
be when multiple objectives underlie performance. Coevolutionary algorithms do not
have accessto these underlying objectives, but must use the outcomes of interactions
between evolving individuals to provide an evaluation function. We will demonstrate
that basedon this information, it is possible to construct an evaluation function that is
precisely equivalent to the ideal evaluation function.

2.1 An Ideal Evaluation Function

We are concerned with test-basedproblems, i.e. problems where individuals are eval-
uated using tests. Individuals in such problems can be characterized by a number of
underlying objectives, eachof which representssome aspectof the quality of the indi-
vidual. This description includes as a special casethe situation where individuals are
characterized by a single �tness value.

6 Evolutionary Computation Volume 12,Number 2
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Evaluation functions for single-�tness problems calculate a single value that ex-
pressesthe quality of an individual, which, after scaling, leads to a �tness value that in-
dicates the probability of selection. When multiple underlying objectivesare involved,
the relative strengths and weaknessesof individuals cannot be expressedby a single
value unless strong restrictions are imposed, such as the assumption that quality is
a weighted combination of the objectives. To avoid such assumptions, we may em-
ploy an evaluation function Fideal that determines for any pair of individuals a and b
whether a is to be preferred over bor not.

An objective can be any function such that the quality of an individual increases
monotonically in the objective, all other objectives being equal. Note that no speci�c
relation is assumed between the underlying objectives and the genetic representation
(genotype) of individuals; the approach is thus applicable to any problem in which
performance can be evaluated basedon tests. Furthermor e, without loss of generality,
we may assumethat all objectivesare to be maximized, asopposed to minimized.

The most general evaluation function makes no assumptions other than those
made so far. The preferencesfollowing from theseassumptions are that when an indi-
vidual a has at least the same value as an individual b for every objective and higher
values for one or more objectives, then a is preferred over b. Other than this, no pref-
erencesare speci�ed; if a has a lower value for any objective, it will not be preferred
over b. Thus, whenever a is preferable to bregarding someobjective but b is preferable
regarding others, the evaluation function does not attempt to estimate which individ-
ual provides a better trade-off between the objectives; rather, it signals no preference,
so that a and b will both be maintained if possible. This description corresponds pre-
cisely to the Pareto-dominance relation which forms the basis of Evolutionary Multi-
Objective Optimization (EMOO).

De�nition 1 (Pareto-dominance) An individual a dominates anotherindividual bwith re-
spectto asetof objectivesO if:

dom
O

(a; b) ( ) 8i : O(a; i ) � O(b;i ) ^ 9i : O(a; i ) > O(b;i ) (1)

where O(x; i ) returns the valueof the i th objectiveof x, 1 � i � n, and n is the numberof
objectivescontainedin O.

The ideal evaluation function is the evaluation function that would result from us-
ing the unknown underlying objectives U as the objectives in evaluation. Following
the above principle of using Pareto-dominance as the evaluation function for multi-
objective problems, this results in the following ideal evaluation function:

Fideal (a; b) = dom
U

(a; b) (2)

If a global optimum exists, i.e. an individual that has the maximum possible value for
eachobjective, then the ideal evaluation function will prefer it over any other individ-
uals. If dif ferent individuals achieve high values for dif ferent underlying objectives,
the function will discard all individuals except those for which no objective can be im-
proved without reducing performance on another objective. This leads to a front of
solutions that trade off the dif ferent underlying objectives in dif ferent ways. Thus, the
solution concept employed here is that of the Pareto-optimal set with respect to the
underlying objectives of the problem. For an intr oduction into Evolutionary Multi-
Objective Optimization (EMOO), a number of sourcesare available (Fonseca& Flem-
ing, 1993;Srinivas & Deb, 1994;Fonseca& Fleming, 1995;Van Veldhuizen, 1999;Coello,
2000;Deb, 2001).
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2.2 Coevolution: Interactions as a Basis for Evaluation

Since the underlying objectives of a problem are generally unknown, selection in co-
evolution does not have dir ect accessto the ideal evaluation function. In test-based
problems, decisions must instead be based on the outcomes of tests, i.e. interactions
between learners and evaluators, and coevolution evolves this set of evaluators. Here,
we prove the existenceof a small evaluator set that provides all information required
to construct the ideal evaluation function.

We distinguish between learners and evaluators. The aim of learners is to maxi-
mize the outcomes of their interactions with evaluators. The aim of the evaluators is to
provide a basisfor learning, such that learner adaptation results in maximization of the
underlying objectives. The set of all possible learners will be denoted as

�

, and the set
of all possible evaluators as � . A particular set of learners will be denoted as L , and a
particular setof evaluators asE.

All interactions areassumedto bepairwise. An interaction is a function G :
�

x � !
�

which acceptsa learner and an evaluator. It returns an outcome for the learner from
someordered setof values

�

. Outcomes may for example be real valued numbers such
as (inverted) errors or scores, or ordered labels such as pass/fail, or win/draw/lose.
An interaction G(a; e) may be thought of as a two-player game between a and e, or
as a test or test-casethat e poses to a. In either case,the interaction between a and e
revealssomeinformation about a's underlying objectives,while it is unknown what this
information is, or what the underlying objectivesare.

Clearly, in order for the interaction function G to be useful in evaluating individ-
uals, it must bear some relation to the underlying objectives. Speci�cally , consider an
individual a with a given set of underlying objectives. Then we will require that any
increasein the value of an objective of a, marking an impr ovement in its skills, must
be re�ected in an increasedoutcome of its interaction with some player e. Conversely,
G may not provide misleading information by indicating an impr ovement when there
is none, or when the individual's underlying objectives have in fact decreased. This
requirement is formally stated as follows:

De�nition 2 (Interaction Requirement) An interactionfunction G is consistentwith un-
derlyingobjectivesU, with U(x; i ) written asx i , if andonly if for anypair of learnersa; b 2

�

:

9i : ai > bi ( ) 9e 2 � : G(a; e) > G(b;e) (3)

SinceG is typically given, this requirement does not restrict the classof problems for
which these results apply, but rather de�nes which functions may validly be seenas
the underlying objectives of a problem. Speci�cally , we note that intransitivity is not
excluded by the requirement, and the proof that will be presentedequally applies to
problems featuring intransitivity .

In coevolution, each learner is evaluated based on its outcomes against a current
set of evaluators. Following Pareto-Coevolution, these outcomes are treated as objec-
tives in the senseemployed by Evolutionary Multi-Objective Optimization. A coevo-
lutionary evaluation function will prefer a learner over another if the former learner
dominates the latter, seede�nition 1. This results in the following coevolutionaryevalu-
ation function Fcoev for learning individuals:

Fcoev = dom
OE

G

(a; b) (4)

8 Evolutionary Computation Volume 12,Number 2
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where a; b 2 L are learners, and the k th objective of a learner L i 2 L is the outcome of
its interaction with the k th evaluator E k 2 E:

OE
G (L i ; k) = G(L i ; E k ) (5)

The coevolutionary evaluation function Fcoev might be called a subjectiveevaluation
function (Watson & Pollack, 2001), since it depends on the set of evaluators E and
therefore does not necessarily re�ect all underlying objectives. A general, objective
evaluation function which does take all of the underlying objectives into account is
given by the ideal evaluation function Fideal . In the following, it will be shown that
coevolutionary setups can in principle achieve a subjective evaluation that is equal to
the objective evaluation.

3 Ideal Evaluation from Coevolution

Using Ficici's notion of a distinction (2001b),we will say that an evaluator e 2 � distin-
guishesbetween two learners a; b 2

�

if and only if a's outcome against e is higher than
b's outcome:

dist (e;a; b) ( ) G(a; e) > G(b;e) (6)

This de�nition is asymmetric, so that higher and lower objective values canbe detected
independently . We de�ne a CompleteEvaluationSetto bea setof evaluators E that make
all distinctions that can be made between the learners in a setof learners L :

De�nition 3 (Complete Evaluation Set) An evaluationsetE � � is complete for an in-
teractionfunction G anda setof learnersL if andonly if:

8a; b 2 L : [9e 2 � : G(a; e) > G(b;e) =) 9e0 2 E : G(a; e0) > G(b;e0)] (7)

We will write E �
L to denote such a Complete Evaluation Setfor a setof learners L .

Regarding the size of the Complete Evaluation Set,we �rst note that the de�nition is
a condition that can be satis�ed by multiple sets of evaluators. The number of dis-
tinctions can at most be equal to n2

l � n l , where n l is the number of learners. Since
each distinction requires at most one evaluator, the number of evaluators required to
construct a Complete Evaluation Setis bounded by this samenumber.

While this size is already quite reasonable,it may be reduced by selecting evalua-
tors that make multiple distinctions. If desired, the setcould be reduced still further by
removing evaluators for distinctions that do not affect the dominance relations between
learners. For algorithmic purposes however, minimizing the size of the evaluator set
beyond the given limit is not necessarily bene�cial, as this may decreasethe diversity
of the evaluator population. The primary observation therefore is that the given bound
is suf�ciently small to lead to feasible algorithms.

A central theoretical result of this article is that the use of a Complete Evaluation
SetE �

L asobjectives for a set of learners L renders the coevolutionary evaluation func-
tion equivalent to the ideal evaluation function:

Theorem 1 (Equivalence with the ideal evaluation function) Let Fcoev(a; b) =
dom
O

E �
L

G

(a; b) be a coevolutionaryevaluation function for L basedon a CompleteEvaluation

Set E �
L . Let Fideal (a; b) = dom

U
(a; b) be the ideal evaluationfunction for L , basedon the

underlying objectivesU. Furthermore, let G satisfythe interactionrequirementfor U. Then
for anypair of learnersa; b 2 L : Fcoev (a; b) = Fideal (a; b) .
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L1       0 1 0

L2 0 0 1

L3 1 1 0

E1 E2 E3G(Li,Ek)

G(L2,E3)>G(L3,E3)

Resulting distinctions

dist(Li,Lj)

0 1 0

1 0 1

1 1 0

L1

L2

L3

L1 L2 L3

Interaction outcomes

Figure 1: Matrix representationof the possible distinctions that can be made between a
setof learners (example). A distinction between learnersL i and L j canbemade (shown
as'1' in the right matrix) if the setof evaluators contains an individual E k such that the
outcome of L i against E k exceedsthat of L j .

This theorem is proved in Appendix A. It offers a principled approach to evaluation in
coevolution, by guaranteeing ideal evaluation if the evaluator population is a Complete
Evaluation Setand the learners usetheir outcomesagainst evaluators asobjectives. The
result thereby also provides a theoretical motivation for Pareto-Coevolution.

3.1 Approximating the Complete Evaluation Set

It was seenthat Complete Evaluation Setsresult in an evaluation function for learners
that is identical to the ideal evaluation function. This leads to the question of whether
a Complete Evaluation Setcan be approximated by coevolutionary algorithms. It will
be seenthat this may be feasible in practice.

It was observed that the number of potential distinctions is bounded by the square
of the number of learners. Thus, we can treatall potential distinctions between learners
asobjectives,resulting in asetup whereevaluators strive to �nd all possibledistinctions
between learners:

O(E k ; nl � i + j ) =
�

1 if G(L i ; E k ) > G(L j ; E k )
0 otherwise

(8)

whereO(E k ; n) is the nth objective of an evaluator E k 2 E, L i is a learner, n l = jL j is the
number of learners, 1 � i; j � n l and G(l ; e) is the interaction function. A convenient
representation of the objectivesof evaluators is asthe entries in a square matrix, where
the columns and rows represent the learners, and eachnon-diagonal entry represents
whether a potential distinction between two learners is made by some evaluator, see
Figure 1 and eq. 6.

In EMOO, this number of objectives is still large. An important observation how-
ever is that whereasgenerally in EMOO the goal is to combine high objective values
in a single individual, here it is suf�cient if eachdistinction is made by someevaluator.
Thus, given a set of evaluators, we can selecta subset that is suf�cient for evaluation
purposes by choosing one evaluator for eachpossible distinction.

4 A Class of Algorithms for Pareto-Coevolution

A Complete Evaluation Set for a given set of learners can be approximated by using
the distinctions between learners as objectives. To translate this idea into an outline
for algorithms, we �rst combine a population of learners and a set of offspring into

10 Evolutionary Computation Volume 12,Number 2
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1. L pop :=random population()
2. Epop :=random population()
3. while : learner-criterion
4. L tot := L pop [ generate(L pop )
5. while : evaluator-criterion
6. E tot := Epop [ generate(Epop )
7. 8i; k : G[i; k] := G(L i ; E k )
8. 8k; i; j : d[k; i; j ] := (G[i; k] > G[j; k])
9. evaluate(E tot ,d)

10. Epop := select(E tot )
11. end
12. evaluate(L tot ,G)
13. L pop := select(L tot )
14. end

Figure 2: Algorithm outline for Pareto-Coevolution.

a single set. Next, we identify evaluators that �nd distinctions among the learners in
this combined set. This provides a basis for evaluating the population of learners and
its offspring. The population of learners and its offspring typically changesover time,
and the identi�cation of an appropriate evaluation set therefore needs to be repeated
every generation.4 To obtain an evaluation set for a given setof learners,we can invoke
a secondary evolutionary processfor evaluators within the primary cycle for learner
evolution. This leads to the outline for coevolutionary algorithms shown in Figure 2.

The generatefunction creates a new generation of individuals given an existing
population. The outcomes of the interactions between learners and evaluators are
stored in the array G. From this array, the distinctions made by eachevaluator are cal-
culated and stored in the array d. Evaluateacceptsa population of individuals and their
objective values and determines which individuals are preferableover others basedon
their objective values. Selectremoves the non-preferred individuals, thus yielding the
next population of individuals.

Speci�c instances of this class of algorithms can be generated by selecting stop
criteria for the two loops. The stop criterion for learner evolution (outer loop) will
typically be a domain-dependent performance threshold or a limit on the number of
iterations.

Convergenceto the ideal evaluation function can be guaranteed by repeating the
following cycle. First, produce a set of evaluators chosen from the set of all possible
evaluators, where each evaluator has a non-zero probability of being generated. This
canbe done by choosing randomly from the latter set. Next, store an evaluator for each
new distinction found by the evaluators and repeat the cycle. In the limit, this process
converges to a set representing all achievable distinctions for a set of n l learners that
contains at most n2

l � n l evaluators.
While this guarantee is of theoretical interest, two practical issues remain. First,

4While a generation-based approach is described here, the sameprinciple can be applied in steady-state
algorithms.
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The compare-on-one game

Learner

Evaluators

Figure 3: The gray areasshow all evaluators that aresolved by the learner in the �gur e.
Left: the COM PA RE-ON -A LL game. A learner receivesa positive outcome if it is equal
or greater than the evaluator in every dimension. Right: the COM PA RE-ON -ON E game.
A learner receivesa positive outcome if it is equal or greater in the evaluator 's highest
dimension.

since it is generally unknown how many of the distinctions are achievable,a stop crite-
rion must be chosenfor the evaluator evolution loop. One possibility is to track statis-
tics of the number of distinctions found over time, and to stop when the probability
of �nding additional evaluators drops below a given threshold. Another possibility ,
which will be employed here, is to iterate the inner loop for only one step at a time, so
asto balancethe computational effort spent on evolving learners and evaluators. Thus,
we obtain an algorithm where a population of learners and a population of evaluators
are both updated onceeachcycle, as in most two-population coevolutionary setups.

A second issue is search ef�ciency . The search for new evaluators making addi-
tional distinctions may be made much more ef�cient if it is basedon the set of evalua-
tors found so far. Indeed, the motivation for a population-based algorithm is that apart
from distinguishing between current learners, evaluators may generate offspring that
make newdistinctions. The algorithm developed in Section6.2is motivated by this.

Finally, we consider the number of evaluators required. As seen above, n2
l � n l

evaluators suf�ce to make all possible distinctions between n l learners. When a pop-
ulation of evaluators is maintained however, we expect that the required number of
evaluators will in practice be determined by the number of underlying objectives.

5 Test Problems and Experimental Setup

The previous section has outlined a class of algorithms that can be used for Pareto-
Coevolution. With an eye on the practical development of principled algorithms for
coevolution, we now investigate to what extent the algorithm is able to overcomeprob-
lems encountered in coevolution.

It was seen that many of the dif �culties with coevolution can be explained by a
failur e to evaluate on all underlying objectives. Thus, a central question is how eval-
uation and performance impr ovement on all underlying objectives can be achieved.
To investigate this, test problems are designed that are likely to result in incomplete
evaluation.

The problems that will be studied are variants of the Numbers Game (Watson &
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Pollack, 2001).Eachindividual is speci�ed by a number of real valued variables. These
variables constitute the genome of the individual. The goal of the problem is to maxi-
mize the outcomes of testsposed by evaluators.

The �rst test-problem is called COM PA RE-ON -A LL. In this problem, the learner and
the evaluator are compared basedon all of the evaluator 's dimensions. The outcome of
the interaction function for this problem is positive (1) if and only if the learner's values
are all at least ashigh asthose of its evaluator:

compare� on � all : Gall (a; e) =
�

1 if 8i : ai � ei

� 1 otherwise
(9)

where a is a learner, e is an evaluator, and x i denotes the value of individual x in
dimension i .

The underlying objectives of this game simply correspond to its dimensions; this
canbecheckedby verifying that the relation between Gall and this choiceof underlying
objectives satis�es the interaction requirement. Thus, the underlying objectives corre-
spond precisely to the variables of the problem, and the aim is simply to maximize all
variables. We may use the same notation x i for both the variable values and the un-
derlying objective values of an individual x. As we aim to model actual coevolution
problems however, the selection mechanism may not use knowledge of these values.
Instead, it must be based on the outcomes of interactions between individuals, thus
turning the problem into a coevolutionary problem.

The secondtest-problem is called COM PA RE-ON -ON E. In this problem, the learner
and the evaluator are compared based on only one of the evaluator 's dimensions,
namely the evaluator 's dimension with the highest value. The outcome of the inter -
action function for this problem is positive (1) if and only if the learner's value in the
evaluator 's highest dimension is at least ashigh as that of its evaluator:

m = arg max
i

ei (10)

compare� on � one: Gone (a; e) =
�

1 if am � em

� 1 otherwise
(11)

where a is a learner, e is an evaluator, and x i denotes the value of individual x in
dimension i . Again, it may be checked that the underlying objectives for this problem
correspond to its dimensions.

The gamesare illustrated in Figure 3. For the compare-on-all game (left), a learner
solvesthe testsposed by evaluators that do not exceedits own values. For the compare-
on-one game, there are dif ferent classesof evaluators, determined by the highest di-
mensions of the evaluators. Evaluators that have their highest value in the �rst dimen-
sion, i.e. thosebelow the diagonal, can only compare learners basedon their horizontal
position, while those above the diagonal test learners on their vertical position only.

Figure 4 illustrates the evaluators that can make distinctions between two learners
for the two problems. While evaluators in the compare-on-all gamecan compare learn-
ers based on all of their dimensions, this is not possible in the compare-on-one game.
Therefore,evaluators in dif ferent regions must be maintained.

Although evaluators in distinct regions are required to addressthe problem, a co-
evolutionary setup can easily lead to convergence such that evaluators in only some
regions are maintained, thus leading to incomplete evaluation. Therefore, the problem
is likely to result in a set of evaluators that testson only some of the underlying objec-
tives. This dif �culty makes the problem suitable for the study of methods that aim to
prevent incomplete evaluation.

Evolutionary Computation Volume 12,Number 2 13
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Figure 4: Left: distinctions for the COM PA RE-ON -A LL game. Evaluators provide infor -
mation about all underlying objectives. Right: distinctions for the COM PA RE-ON -ON E

game. Evaluators in dif ferent regions test on dif ferent objectives. To make progresson
all underlying objectives,evaluators must be maintained in eachregion.

To detect whether learners progresson only some dimensions, the performance
criterion for both test problems is the individual's minimum value, rather than for ex-
ample the average value of its variables. Since individuals start with low values in
all dimensions, an increasing performance implies that progressis being made in all
dimensions.

We now discuss the experimental setup. Dif ferent methods for evaluation and se-
lection will be studied in the following section. A new generation of individuals is
created using mutation only. Mutation adds a random value x chosenuniformly from
[� d� b;d� b] to a dimension i , whered is called the mutationdistanceand bis the mutation
bias. The mutation bias re�ects the notion that in most problems of practical interest,
mutation is more likely to result in deterioration than in impr ovement. Mutation is ap-
plied to two randomly chosendimensions. Mutating one dimension at a time would be
unrealistic, given that we aim to study a model of actual problems; in this case,a higher
interaction outcome would precisely indicate that the performance over all objectives
has impr oved. By mutating in two dimensions at a time, an increasein one dimension
will often be accompanied by a decreasein another. This renders the problem quali-
tatively more dif �cult. Further increasesin the number of mutated dimensions would
make progressslower, but would not make a qualitative dif ference.To keep versions of
the problem with dif ferent dimensionalities comparable, the number is therefore �xed,
and unrelated to the total number of dimensions.

6 Design of an Algorithm for Pareto-Coevolution: DELPH I

Our aim is to develop an algorithm for Pareto-Coevolution based on the outline for
such algorithms described in Section4. To this end, speci�c methods for evaluation and
selectionhave to be chosen.A dif �culty is that learner selectionand evaluator selection
are interdependent. However , since the target for evaluator selection is de�ned by the
Complete Evaluation SetE �

L , we canstudy learner selection in isolation by temporarily
assuming that evaluator selection identi�es E �

L and thus provides ideal evaluation. By
retaining the learner selection method found in this way, we can subsequently study
evaluator selection.

14 Evolutionary Computation Volume 12,Number 2
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Evaluator

Learner

Figure 5: Schematicrepresentation of a Complete Evaluation Setdescribed in the text.
Evaluators are selectedby projecting the learners onto the axesand placing an evalua-
tor between eachpair of subsequentpoints.

6.1 Learner Selection under Ideal Evaluation

To construct a Complete Evaluation Set,we may choosean evaluator for each learner
that hasa higher value in somedimension than someother learner, such that the evalu-
ator is in between the learners in this dimension. The evaluator thus makesa distinction
between the two learners. To ensure that the evaluator tests on this dimension, all of
its other dimensions are given a value of zero, seeFigure 5. Any such set satis�es the
de�nition of a Complete Evaluation Set for both test problems, seeeq. 7. As stated
by the equivalence theorem (1), the Complete Evaluation Setprovides the sameinfor -
mation as the objectives themselves; whenever two learners have a dif ferent value for
some objective, an evaluator exists that assignsa higher outcome to the learner with
the higher objective value. Thus, evaluation basedon E �

L can simply be implemented
by the Pareto-dominance relation using the values of an individual's variables as ob-
jectives.

We �rst use a basic EMOO method for learner selection which evaluates an in-
dividual based on whether it is non-dominated, meaning that no currently existing
individuals dominate it. Speci�cally , learners are sorted on the number of individuals
by which they are dominated, and selectedwith a probability that is proportional to
the resulting rank. Figure 6 shows the resulting minimum value, averaged over the
individuals in eachpopulation, for the four -dimensional problem5 with mutation bias
(b = 0:05). The graph (bottom line) shows that the method fares poorly even when
given accessto the ideal evaluation function. The causeof this failur e is that the non-
dominance criterion, when based on a population rather than the set of all possible
individuals, yields only coarseinformation about the objectives.

Intuitively , it should be possible to ensure progresswhen given accessto the ideal
evaluation function. This can indeed be achieved, by using a stricter selectioncriterion.
If individuals areonly replacedby individuals that dominateit, rather than merely being
non-dominated, then replacementscan only result in impr ovement, and regresscan be

5Since the two test problems share the same set of underlying objectives, they become identical under
ideal evaluation.
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Figure 6: Results for evolving learners under a Complete Evaluation Set E �
L , which

results in evaluation according to the ideal evaluation function. A non-dominance-
basedselectionfails evenunder theseideal circumstances,and is thereforenot expected
to function when opponents are evolving. The stricter selection criterion of dominance
avoids regress,and is thereby able to impr ove.

avoided. We therefore use a second selection method that accepts new individuals
into the population if and only if they dominate some existing member, which is then
replaced. As Figure 6 shows, this method, called dominance selection, indeed achieves
progressgiven a Complete Evaluation SetE �

L asits objectives.
From the �rst experiment, we can conclude that non-dominance is insuf �ciently

strict asa criterion for learner replacement. The criterion of dominance guaranteesthat
given accessto the ideal evaluation function, any changeto the population must result
in progress.Accordingly , learner selection will employ the dominance criterion.

6.2 Evaluator Selection

The idea behind the useof a population-based method is that evaluators making useful
distinctions are a good basis for �nding evaluators that make new distinctions. This
idea is most clear when evaluators areassumedto test on a single underlying objective.
Experimental evidence supporting this expectation is presentedin the next section.

If evaluators test on a single underlying objective, then successful evolution of
learners will at some point lead to a state where all learners pass the threshold value
posed by an evaluator. Once this happens, the evaluator makes no more distinctions,
and a higher threshold is required. If there is any relation between an evaluator and its
offspring, the evaluator is a likely genetic sourcefor evaluators representing this higher
threshold, and conversely the evaluator 's offspring is likely to test on the sameobjec-
tive as its parent. By only replacing an evaluator when it is dominated by its offspring,
valuable evaluators canbemaintained while making no distinctions, and replacedonce
a higher threshold for the sameobjective is found. This replacement criterion is based
on the diversity maintenance technique of DeterministicCrowding(Mahfoud, 1995).By
virtue of this principle, the ability to test on an objective can be preserved even when
it is not detectable in the evaluator 's objective values. We refer to this method as a
Pareto-hillclimber, as it performs hill-climbing basedon the Pareto-dominance criterion.
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Another example of a Pareto-hillclimber is the PAES algorithm (Knowles et al., 2001),
which additionally featuresan archive to estimate dominance rankings.

In summary, we have arrived at a setup where a learner replacesan existing in-
dividual if it dominates that individual, while for evaluators we require in addition
to this that the replacer must be the offspring of the individual that is being replaced.
Thus, given a population of learners L and a population of evaluators E , new learners
are evaluated based on the evaluators in E and can replace any learner they dom-
inate, while evaluators are Pareto-hillclimbers that use the distinctions between the
learners in L as their objectives. This method will be called DELPH I, which stands for
Dominance-basedEvaluation of Learners on Pareto-Hillclimbing Individuals.

7 Experimental Results

We examine the DELPH I method on the two test problems that have been described,
and �rst compare its performance to several competitive coevolution methods. Most
existing methods for coevolution are forms of competitive coevolution (Hillis, 1990;
Rosin & Belew, 1997;Rosin, 1997),although several cooperative alternatives have been
suggested (Potter & De Jong, 2000; Moriarty & Miikkulainen, 1998). In competitive
coevolution, all individuals try to maximize the outcome of their interactions. A typ-
ical approach to dealing with the outcomes of multiple interactions is to calculate an
averagescore. Thus, in the �rst comparison setup (AVG E, AVG L), learners use the av-
eragescore against evaluators asa �tness value, while evaluators usethe averagescore
against learners astheir �tness. Removal selection is done probabilistically by selecting
individuals with a probability proportional to their �tness.

A secondmethod (PROB E, PROB L) views the outcomesasobjectives,and employs
a basic EMOO method (Fonseca& Fleming, 1993).The method performs probabilistic
selection based on non-dominance by sorting individuals based on the number of in-
dividuals they are dominated by and using the normalized rank as the probability of
selection. To provide a stricter selection criterion, we also use a method that selectsthe
best half of the sorted population (H A LF E, H A LF L). Moving from non-dominance to
dominance asa selection criterion, we arrive at a method that replacesan existing indi-
vidual by any new individual that dominates it (DOM E, DOM L). Finally, we can place
the additional condition that the replaceemust be the parent of the new individual. For
this competitive setup (P-H C E, P-H C L), learnersarePareto-hillclimbers evaluated on
the evaluators, and evaluators are Pareto-hillclimbers evaluated on the learners.

The parameters used are as follows. The initial value in eachdimension is deter-
mined by uniform random selection from [0; 0:05]. The mutation distance d = 0:1. No
mutation bias is used (b = 0), exceptwhereotherwise indicated. The sizeof learner and
evaluator populations is 50,and so is that of new generations, so that the total learner
and evaluator populations before selection both contain 100 individuals. All experi-
ments are averaged over 100 runs, except for trajectory graphs, which display single
runs.

Figure 7 shows the performance (average minimum value) of the above methods
on the two-dimensional COM PA RE-ON -A LL problem. All competitive methods are able
to achieve non-trivial progress;the increasesin the average minimum values are sub-
stantial compared to the mutation distance. For the more dif �cult COM PA RE-ON -ON E

game, someprogresswas still made on the two-dimensional version, but performance
on the �ve-dimensional variant stalls for most methods, seeFigure8. The most dif �cult
problem is obtained by employing a mutation bias (b = 0:05) in the �ve-dimensional
COM PA RE-ON -ON E problem, so that values from [� 0:15; 0:05] are added to two ran-
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Figure 7: Performance of DELPH I and a number of competitive methods on the 2-
dimensional COM PA RE-ON -A LL problem. Performanceis measured asthe averagemin-
imum value of an individual's variables. All methods achieve some progresson this
problem.

domly selectedvariables. Using this mutation bias,more than half of the mutations are
pur ely deleterious, and the majority (86%)6 of the mutations that produce an increase
in somedimension causea (typically larger) decreasein someother dimension. For this
dif �cult problem, no competitive method producessubstantial progress,seeFigure 9.

In contrast with the competitive methods, DELPH I displays consistent and consid-
erable progressin all underlying dimensions acrossall problems. The steady increase
of the minimum value of learners implies that evaluator selectionproducesstableeval-
uation on all underlying objectives. The experiment thereby demonstrates the practical
relevanceof the theoretical result, which stated that identi�cation of all possible dis-
tinctions between learners renders coevolutionary evaluation equivalent to the ideal
evaluation function.

To test whether the main choices made in developing DELPH I are necessary, we
have furthermor e performed the following control experiments. All of these employ
the basic setup of using the outcomes of interactions with evaluators as the objectives
for learners, and using the distinctions between learners asobjectives for evaluators.

First, to see whether Pareto-hillclimbers are useful in maintaining a diverse set
of distinctions, we can attempt explicitly to make evaluators spread over the possible
distinctions (DOM E, SPREA D DIST L). We do this by assigning to eachdistinction a �t-
nesscontribution of one over the number of evaluators that make the distinction. This
method for sharing �tnesses is known as competitive�tness sharing. It was intr oduced
by Rosin (1997),and was the most successfulof several methods when applied to dis-
tinctions (Ficici & Pollack, 2001b),as it is here. Next, we test whether the learners may
also bene�t from the restriction that new individuals can only replacetheir parents, so
that both learners and evaluators are Pareto-hillclimbers (P-H C E, P-H C DIST L). Fi-
nally, we can remove the parent criterion in evaluator selection, so that both learners
and evaluators are selectedbasedon dominance (DOM E, DOM DIST L).

6Probability of decrease(dec) given an increase(inc): P (decjinc ) = p( dec + inc )
p( inc ) = p( dec + inc )

1� p( dec + dec ) = 6
7
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Figure 8: Performance of DELPH I and a number of competitive methods on the 5-
dimensional COM PA RE-ON -ON E problem. Most competitive methods stall.

While (DOM E, SPREA D DIST L) performs very well for the two-dimensional
version of COM PA RE-ON -A LL, it is surpassed by DELPH I on the more dif �cult �ve-
dimensional version, as are the other two methods, seeFigure 10. On the COM PA RE-
ON -ON E problem, only the two methods employing Pareto-hillclimbers display sus-
tained progress(Figure 11). Both methods still result in sustained progresswhen mu-
tation bias is added (Figure 12), while the remaining two methods fail on this �nal
problem.

We conclude that the method that has been developed (DELPH I) provides sus-
tained progresson all versions of the problem, and surpassesall of the other methods
that have been investigated. The results show that using Pareto-hillclimbers on dis-
tinctions asevaluators can result in an evaluation function that continues to test on all
underlying objectives. As a result, learners can achieve sustained progressin all un-
derlying objectives. Disengagement and over-specialization are thereby successfully
avoided.

The variant that usesPareto-hillclimbers on distinctions for evaluators and on out-
comes for learners (P-H C E, P-H C DIST L) also displays sustained progress for all
problems, but at a lower rate. While the current experiments do not demonstrate
this, we believe that this variant may be of relevance when the evaluation provided
by evaluators is unstable, for instance in problems with a large number of underly-
ing objectives. For such problems, Pareto-hillclimbers may be able to retain valuable
characteristics that are not discerned by the current evaluator population. The lower
rate of progressmay be explained from the reduced number of opportunities for new
individuals to replaceexisting ones.

Finally, we investigate the behavior of the method by plotting the trajectories of
learners and evaluators in the COM PA RE-ON -ON E problem. Since only mutation is
used, eachindividual has a single chain of ancestorsthat leads back to the initial pop-
ulation. We plot this chain for all individuals present in the �nal population, after
running the method for a hundr ed generations. Figure 13shows the resulting trajecto-
ries. To avoid in�uencing the trajectories, we do not cut off variable values at zero asin
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Figure 9: Performance of DELPH I and a number of competitive methods on the �ve-
dimensional COM PA RE-ON -ON E problem with mutation bias. None of the competitive
methods provides sustained progress,DELPH I does.

the normal experiments, and use no mutation bias.
The most striking observation is that the evaluators follow the axes,while learners

progressin all dimensions simultaneously. This provides support for the earlier sug-
gestion that eachunderlying objective is identi�ed by evaluators that focus on a single
objective.

As a comparison, we plotted the same information for a competitive experiment
(AVG E, AVG L), seeFigure 14. While learners have made some initial progressin the
vertical dimension, they have over-specialized by progressing mainly in one dimen-
sion, the horizontal one. Since no evaluators making vertical distinctions persist and
all current evaluators are far away from the diagonal, it is unlikely that the potential
for making vertical progresswill be regained.

The trajectories in Figure 13 provide some experimental evidence for the sugges-
tion that evaluators can potentially identify the underlying objectives. However , part
of the observed behavior may be a result of the dir ect correspondencebetween vari-
ablesand objectives. We therefore test whether evaluators still identify the underlying
objectives when these do not correspond dir ectly to properties of the problem other
than the outcomes of interactions. To this end, we rotate the underlying objectives.
Both learners and evaluators are rotated clockwise 30degreeswith respectto the origin
before determining the outcomes of interactions. As a result, the underlying objectives
of the problem are rotated 30 degreesanti-clockwise; by following theserotated dir ec-
tions, the evaluators will end up at the optimal dir ections of progresswhen evaluated.
The variables of the problem and the operators of variation remain unchanged. We
run the experiment longer (a thousand generations) in order to determine whether the
dir ections in which the evaluators move are stable. As Figure 15shows, the evaluators
approximately identify the new underlying objectives of the problem. This indicates
that the discovery of the underlying objectivesby the algorithm was not dependent on
a correspondencebetween the variables and objectivesof the problem.
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Figure 10: Performance of DELPH I and other distinction-based methods on the 5-
dimensional COM PA RE-ON -A LL problem. All methods achieve substantial progress.

8 Discussion

To assessthe applicability of the approachthat hasbeendescribed, we examine to what
extent the assumptions that have been made hold in problems of practical interest. A
�rst question is whether the interaction function corresponds to the intended underly-
ing objectives. We have identi�ed three issuesthat could be thought to threaten this:
the outcomes of interactions may be in�uenced by structural in�uences or by noise,
and interactions may be non-transitive. Secondly, we expect that the most important
issues with respect to practical application are general search issues that will be de-
tailed. Thesefour topics will be discussed in turn below.

8.1 Structural In�uences

Sinceinteractions aremodeled asfunctions, we implicitly assumedeterministic interac-
tions. In stochasticproblems, dif ferent encounters between the samepair of individu-
als can lead to dif ferent outcomes. If the factors governing the outcomes are structural,
e.g.whether a checkersplayer plays �rst or not, then the dif ferent circumstancesunder
which the opponent is faced should be viewed asdistinct interactions. In the example,
the test posed by playing �rst against said checkersplayer should be viewed asdistinct
from the test posed by letting the player go �rst, and these tests would therefore be
distinct evaluators.

8.2 Noise

Apart from structural in�uences, interactions may be affected by noise, resulting from
dice rolls for example. Such in�uences may be addressedby sampling over a number
of interactions, and using the averageoutcome asan indication of the relation between
the skills of the individuals. Given enough samples,any non-structural in�uences can
beaveragedout. As a result, the averagedoutcome of the interactions between onepair
of individuals will come to bear a consistent relation (lower, equal, or higher) to that of
any other pair, resulting in equivalence classesof averaged outcomes. When viewed in
terms of theseequivalence classes,rather than of the particular averaged outcome, the
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Figure 11: Performance of DELPH I and other distinction-based methods on the 5-
dimensional COM PA RE-ON -ON E problem. The methods employing Pareto-hillclimbers
achieve sustained progress,while the other two methods stall.

resulting evaluation is deterministic. Such equivalence classesare obtained when the
rangesof averageoutcomes of individuals becomenon-overlapping or identical. Since
the outcomes must in the limit converge to the expected value, such a sample size is
guaranteed to exist, though it may be very large. The downside of this approach is the
computational cost,which must beweighed against the bene�ts of accurateevaluation.

8.3 Intransitive Superiority

A thir d known problem is that of intransitive superiority relationships (Clif f & Miller ,
1995; Watson & Pollack, 2001). This refers to problems where an individual b > a,
c > b, and a > c, such as the Rock, Paper, Scissorsgame. As in other problems, a
non-minimal setof underlying objectivescan be obtained by considering the outcomes
against all possible evaluators asobjectives. Thus, intransitive problems can be viewed
as multi-objective problems, where the ability to addresseach opponent is a separate
objective. In the example, a would have a high value for the objective representedby
c, and a low value for the objective representedby b. The method will strive to �nd
individuals that maximize or trade off theseobjectives.

Individuals in an intransitive cycle such asRock,Paper, Scissorsaremutually non-
dominated. If no other individuals exist, the solution to the resulting EMOO problem
contains all individuals in the cycle. Interestingly, such cycles can also becomeirr ele-
vant. When other individuals are identi�ed that dominate all of the individuals in the
cycle, theseare preferable,and the cycle need no longer be maintained.

A question to be veri�ed is whether the constraint on the interaction function G
(eq. (3)) holds in the presenceof intransitivity . This is the case,since by choosing the
evaluators themselves as objectives, a distinction between two learners always corre-
sponds to a higher value for some objective, and vice versa. We therefore seeno ob-
structions in using the presentedapproach for problems featuring intransitive superi-
ority .
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Figure 12: Performance of DELPH I and other distinction-based methods on the 5-
dimensional COM PA RE-ON -ON E problem with mutation bias. The methods employing
Pareto-hillclimbers still achieve sustained progress,while the other two methods now
fail entirely on this most dif �cult problem in the set.

8.4 Searchand Exploration

The selection criterion for both learners and evaluators is strict, as it is basedon domi-
nance. However , it may not always be possible to �nd dominating individuals within
a single step of mutation (or other variation operators) from the current population.
We believe this limited degree of exploration is the most important limitation of the
algorithm that has been presented, and that it will have to be addressedbefore the
principles demonstrated here can be applied in practice.

We expect that accurate evaluation and exploration can be achieved by combin-
ing an archive that is updated using strict replacement criteria with a population in
which exploration is allowed. The archive achievesa form of elitismfor multi-objective
optimization, while the population provides exploration. For the explorative popula-
tion, a number of methods for diversity maintenance in evolutionary multi-objective
optimization in general are available (Zitzler & Thiele, 1999;Knowles & Corne, 1999;
Corne, Knowles, & Oates,2000;Deb, Agrawal, Pratab, & Meyarivan, 2000).

The particular algorithm that has been investigated, DELPH I, replaces existing
learners only once they are dominated. For the classof test problems that have been
investigated, this works effectively, as higher performance for a learner objective is al-
ways possible. For general multi-objective problems however, trade-offs between the
dif ferent objectivestypically exist, and this criterion may be too strict. Suitable methods
for this situation have recently been developed within Evolutionary Multi-Objective
Optimization (Laumanns, Thiele, Deb, & Zitzler , 2002), and may readily be applied
within the current framework.

The classof algorithms that has been de�ned requires evaluators to �nd distinc-
tions among learners as part of the evolutionary cycle. Since this is not required in
conventional coevolutionary algorithms, one question is how dif �cult it is to �nd such
distinctions. The feasibility of this can only become clear through practical applica-
tions, but promising results with the useof distinctions for the evaluation of evaluators
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Figure 13: Trajectories of the individuals in the �nal population of a run of DELPH I on
the two-dimensional COM PA RE-ON -ON E problem. Eachof the underlying objectives is
identi�ed by some evaluator.

have already beenobtained (Ficici & Pollack, 2001b).
For symmetric problems, one way to �nd an evaluator distinguishing between

learners a and b may be to take a and apply a small mutation to it. This will result
in an individual that typically performs less well than a and that, if the mutation is
appropriate, still performs better than b. Thus, evaluators may be identi�ed based on
the learners, rather than by an independent search process.

A question is whether evaluators can be found for all underlying objectives. First,
we note that this question is relevant to any approach,and that mechanismsto promote
more complete evaluation can only be helpful. If evaluators for certain objectives are
not present in the initial population, the algorithm that has been described contains
no speci�c mechanisms to search for such missing objectives, although it will identify
them when found. For many problems, a suf�ciently large population will display at
least some variance in the performance achieved by learners and tested by evaluators.
If this is not the case,e.g. becauseobjectives only start to play a role for high-quality
individuals, the addition of an explicit exploration mechanism may be necessary.

Evaluation is basedon Pareto-dominance, and thus discards any scaling informa-
tion in interaction outcomes. Sincemultiple objectives can provide more information
than a single value and since �tness ranking methods are used with successeven in
scalar �tness genetic algorithms, we do not expect this dif ferenceto be of importance,
but it is possible that scaling information may be useful for certain problems.

The solution concept we have employed is the Pareto-front. For certain problems,
it may not be feasible to maintain a representative subset of this front. Even then, a
multi-objective approach may still be useful as a means to circumvent local optima.
While single-objective methods search in one dir ection, EMOO methods explore sev-
eral dir ections simultaneously. This may help to identify a promising dir ection.

Finally, a note on computational complexity. DELPH I employs the outcomes of
interactions between all learners and all evaluators. For large populations, this may
be costly. To impr ove ef�ciency , multiple explorative pairs of learner and evalua-
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Figure 14: Trajectories for the competitive method on the sameproblem. Only one of
the underlying objectives is identi�ed. No progressis made in the vertical dimension
asresult.

tor subpopulations can be used in combination with a learner and evaluator archive
that preservesoverall impr ovements and provides complete evaluation. Such multi-
population setups also have a clear potential for parallel implementations.

8.5 Application

One question is what problems may bene�t most from the coevolutionary approach
that has been described. A minimal condition is the availability of tests, i.e. ways to
extract information from learners. It has been shown that a set of evaluators that is
squared in the number of learners is suf�cient for ideal evaluation. In practice, the
number of evaluators may depend more on the number of underlying objectives; if
eachevaluator testson one objective, then existing evaluators can be used to generate
new evaluators for the same objective. If this is the case,the approach will be suited
most for problems with a limited number of objectives. We expect coevolution to be
most valuable in problems where multiple objectives underlie performance, while the
nature of theseobjectives is unknown.

9 Conclusions

In the past, co-evolution has beenset up asa processwhere the unary �tness of evolv-
ing individuals is judged not with an absolute yardstick but by a sum or average of
values which are calculated relative to a current population. Next to a limited num-
ber of successesat getting co-evolution to proceed, researchers have found a variety
of self-limiting behaviors such as disengagement, the Red Queen effect, and mediocre
stability .

Following a line of research aimed at accurateautomatic evaluation, which arose
out of work by Juill é, Rosin, and Ficici and takes into account the possibility that mul-
tiple objectives may underlie a problem, we have now discovered that it is possible to
determine a completeevaluation set. This theoretical set of evaluations is the perfect
teacher which can precisely determine whether one individual dominates another. It
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Figure 15: Trajectories in a version of the COM PA RE-ON -ON E problem where the under-
lying objectiveshave beenrotated 30degrees.The evaluators still identify the underly-
ing objectives when they do not correspond to the variables of the problem.

allows an evolutionary system to teaseapart those individuals which should be main-
tained and those which can be safely discarded.

Mor eover, we found that for a given population this set is of manageable size,
namely quadratic in the number of individuals. By virtue of this, the set can not only
be identi�ed in the theoretical limit, but also be approximated in practice. Using our
algorithm, DELPH I, we demonstrate that with appropriate heuristics, a dynamic set of
evaluators can be maintained which drive a population forwar d without referenceto a
�xed external �tness function, which is the goal of coevolutionary learning.

The Complete Evaluation Set evaluates according to the underlying objectivesof a
problem. In experiments, the evaluators were observed to identify the underlying ob-
jectives. For most problems of interest, the question of what the underlying objectives
arehasnot yet beenasked. An intriguing consequenceof Pareto-Coevolution therefore
is that it may help uncover the hidden structure of problems.
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Online Appendix: MA TLAB r implementation of DELPH I

Detailed pseudo-code,movies of two experiments, and a MA TLABr implementation
of the DELPH I algorithm are available online from the homepageof the �rst author.7

Symbols

Objectives and dominance:
O a set of objectives
O(x; i ) value of the i th objective in O for individual x
x i i th underlying objective of individual x
U set of underlying objectivesU(x; i ) = x i

OE
G objectivesgiven by the outcomes against E using interaction function G

dom
O

(a; b) a Pareto-dominates bwith respectto objectivesO

Populations and individuals:
Small letters, e.g.x, a, b, denote individuals.

� set of all possible evaluators
E a particular set of evaluators
E i i th individual in the set of evaluators E
E �

L Complete Evaluation Setfor a set of learners L
�

set of all possible learners
L a particular set of learners
L i i th individual in the set of learners L

Function:
F (a; b): evaluation function, specifying whether a is to be preferred over b
Fcoev(a; b): coevolutionary evaluation function, resulting from interactions of a

and bwith evaluators
Fideal (a; b): ideal evaluation function
G(a; b): interaction function, yields the outcome of an interaction between a

learner a and an evaluator b

7URL: http://www.cs.uu.nl/ � dejong
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Appendix A

Proof 1 (Equivalence with the ideal evaluation function) To provetheorem1, we show
that giventheassumption(eq.(3)) ontheinteractionfunctionG, theevaluationfunctionFcoev

that resultsfromusingE �
L asobjectivesfor learnersequalstheidealevaluationF ideal .

Fcoev(a; b) ( ) Fideal (a; b) (12)

dom
O

E �
L

G

(a; b) ( ) dom
U

(a; b) (by (4) and(2)) (13)

[8e 2 E �
L : G(a; e) � G(b;e) ^ 9e 2 E �

L : G(a; e) > G(b;e)] (14)

( ) [8i : ai � bi ^ 9i : ai > bi ] (by (5) and(1)) (15)

First weshowtheimplication:

Assume:8e 2 E �
L : G(a; e) � G(b;e) ^ 9e 2 E �

L : G(a; e) > G(b;e) (16)

Assume:9i : bi > ai (17)

) 9e 2 � : G(b;e) > G(a; e) (by (3)) (18)

) 9e 2 E �
L : G(b;e) > G(a; e) (by (7)) (19)

Thiscontradicts(16). Therefore(17)cannothold,so: (20)

@i : bi > ai (21)

) 8i : ai � bi (22)

Furthermore:9i : ai > bi (by (16,right) and(3)) (23)

Combining(22)and(23)provestheimplication.Toshowthereverseimplication:

Assume:8i : ai � bi ^ 9i : ai > bi (24)

Assume:9e 2 � : G(b;e) > G(a; e) (25)

9i : bi > ai (by (3)) (26)

Thiscontradicts(24). Therefore(25)cannothold,so: (27)

@e 2 � : G(b;e) > G(a; e) (28)

) 8e 2 � : G(a; e) � G(b;e) (29)

And sinceE �
L is a subsetof � : (30)

) 8e 2 E �
L : G(a; e) � G(b;e) (31)

9e 2 � : G(a; e) > G(b;e) (by (24,right) and(3)) (32)

9e 2 E �
L : G(a; e) > G(b;e) (by (32)and(7)) (33)

Combining(31)and(33)provesthereverseimplication,andcompletestheproof.
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coevolution. In E. Cantú-Paz et al. (Ed.), Proceedingsof theGeneticandEvolutionary
ComputationConference,GECCO-03.Berlin: Springer.

Bucci, A., & Pollack, J.B. (2003b).A mathematical framework for the study of coevolu-
tion. In Foundationsofgeneticalgorithms(FOGA-2002).SanFrancisco,CA: Mor gan
Kaufmann.

Bull, L. (2001).On coevolutionary genetic algorithms. SoftComputing, 5(3), 201–207.

Clif f, D., & Miller , G. F. (1995). Tracking the Red Queen: Measurements of adaptive
progress in co-evolutionary simulations. In F. Mor án, A. Mor eno, J. J. Merelo,
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